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Abstract. We generalize the statistical mechanical theory of vulcanization to the case of
D-dimensional polymerized manifolds. Starting from a continuum model of self-avoiding
manifolds, we study the effects of introducing random crosslinks between monomers on (in
general) different manifolds. As for the case of linear polymers, one observes a continuous
phase transition from a fluid to an amorphous solid state, characterized by a finite fraction of
localized monomers. We compute this fraction, as well as the typical localization length near
the transition.

1. Introduction

A melt or solution of linear macromolecules undergoes a thermodynamic phase transition
from a fluid state to an amorphous solid state, if a sufficient number of permanent crosslinks
between randomly chosen monomers are formed. This phase transition can be described
within the framework of equilibrium statistical mechanics and, in particular, with methods
that have been developed for random systems having quenched disorder [1, 2]. Recently, a
statistical mechanical theory of the equilibrium phase transition has been presented [3-5]. It
is the purpose of this paper to extend the analysis to the cabediihensional polymerized
manifolds. We show that there is also, in general, a vulcanization transitiorDfor
dimensional manifolds, if a sufficient density of permanent random crosslinks is introduced.
Within mean-field theory, the critical behaviour is independent of the dimenBiaf the
manifold. In particular, the gel fraction and the localization length (measured in units of
the radius of gyration) are universal.

Polymerized membranes (i.e. manifolds with= 2) have attracted a lot of theoretical
interest [6], since they were first introduced by Kanétral [7]. A variety of potential
experimental realizations have been investigated:

e the spectrin network of red blood cells [8];

e the two-dimensional carbon networks in graphite oxide [9, 10];

¢ two-dimensional BO; glasses that have been nucleated under appropriate conditions
[11];

e superstructures generated by the chemical crosslinking of macromolecules [12].
Scattering experiments on graphite oxide and spectrin networks have been interpreted as
evidence for crumpled states. However the experimentally-observed directionally-averaged
structure function is also compatible with flat and rough membranes, as discussed by
Abraham and Goulian [13].
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Extensive Monte Carlo simulations have been performed in order to understand the
phase structure of polymerized membranes, and to resolve the question of a crumpling
transition. Most simulations for two-dimensional tethered membranes, with excluded-
volume interactions only, find no crumpled phase in three space dimensions [14-18]. There
have also been studies of collections of manifolds to investigate the effects of screening
[19,20]. We are not aware of studies—experimental or theoretical—of networl3- of
dimensional manifolds.

2. Model of crosslinked manifolds

2.1. Hamiltonian for a polymerized membrane

A polymerized membrane is characterized by fixed connectivity of neighbouring monomers.
Nearest neighbours are, for example, connected by a covalent bond. The connectivity can
be modelled by a nearest-neighbour interaction of the form
Hn= ) V(R(©) ~ R(@") (1)
(0,0")

where the summation runs over all nearest-neighbour pairs on the membrane. The position
of a monomer on the membrane is characterized by a two-dimensional internal cartesian
coordinates = (o1, 02) € S, whereS denotes a set of indices iR2. The position of the
monomer in the/-dimensional embedding spa®¢ is specified by the external coordinate
R(o).

If no other interactions are considered then the model is called a phantom model.
All interactions between monomers that are widely separated on the membrane have been
ignored and, hence, nothing prevents the membrane from passing through itself. A tethered
membrane can be modelled By(r) = 0 for a; < r < ay, and is infinite otherwise. If one
is interested in length scales much larger than the typical distartzetween monomers,
a1 < b < ay, then one commonly replaces the potential by a harmonic one:

d /
BHim = 5, (;) |R(0) — R(c")|*. @)

(For a discussion see [7].)

It is well known that excluded-volume interactions are much more important for
membranes (i.eD = 2 manifolds) ind = 3 than for linear polymers (i.€) = 1 manifolds).
These interactions act between pairs of monomers that are cldBé ut arbitrarily far
apart on the membrane, and can be modelled, following Edwards [21], by using

d ! :
ﬁHo=%2<§>|R(0)—R(0)|2+2 > iR~ R@) @)
lo—o’|>b

wherevg characterizes the strength of the (repulsive) excluded-volume interaction. It will
be more convenient to use a continuum description, having in mind a large membrane
consisting of many monomers, and focusing on length scalds Furthermore, we shall
consider the general case bfdimensional manifolds of ‘ares. We adopt units of energy
such that~! = kg7 = 1, and introduce dimensionless internal coordinates /L and
external coordinates = (L% ?b” /d)~1/? R, with L = SYP. In terms of these coordinates

the model Hamiltonian for a single membrane is expressed as

Holle@)) = dDSXD:f eV L [ s d?s’ 8 (c(s) - e(s)) )
0 2 05y 2 '

a=1v=1
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The above Hamiltonian has been discussed extensively in the literature. In our approach,
Hy specifies the statistical properties of the elements that are then used to build up a network,
i.e. the building blocks. In the following section we shall discuss the statistical mechanics of
an ensemble of building blocks, and the construction of a network by pointwise crosslinking
of randomly chosen pairs of monomers.

2.2. Networks of polymerized membranes

The degrees of freedom of a system ®f membranes (or, in generap-dimensional
manifolds) are denoted bi; (s)} with i = 1,..., N and are confined to a large hypercube
of volume V. The system is characterized by the Hamiltonian

N 2 N
H=Y Hola®h+7 > /dDS A%’ 59 (e, (s) — (). )
i=1 i,j=1

The first term is just the sum of one-membrane Hamiltonians and the second term accounts
for excluded-volume interactions between monomers on different membranes. These
are characterized by?, which can in principle be different from the intramanifolds
interactions. We take the thermodynamic limit such th&t — oo and V — oo with
no = N/V fixed. Alternatively one may consider one extensive manifold, as discussed in
appendix A.

Crosslinks are introduced into the system by randomly choosing pairs of monomers,
and constraining these pairs to occupy common spatial locationd. pairs (monomes,

on manifoldi, and monomes,, on manifoldi,, with e =1, ..., M) have been chosen, the
configurations of the system must respect #igandom constraints
c;, (Se) =cj (S;) (fOI’ e = l, e M) (6)

The patrtition function of the crosslinked system, relative to that of the uncrosslinked system,
is given by

M
)

Z({ier i) Ser5L}) = < 8D (e, (se) — ¢t (s;))>

e=1 H
Here, the expectation value is taken with respect to the statistical weiglt-&xp
Once a crosslink is formed, it is not allowed to break up and reconnect, but instead
is assumed to be permanent. Hence, the indj¢gs,, s., s.}, which specify a particular
realization of the crosslinks, are quenched random variables. We only consider crosslinking
processes in which crosslinks form rapidly, compared to the characteristic diffusion time of
the building blocks, i.e. crosslinking is essentially instantaneous. Monomers that are nearby
at the instant of crosslinking are connected with a certain probability. The statistics of such
a process can be described by the Deam—Edwards form [1],

M

P({ic, iy, 5e.5,}) o < 8D (e (s0) — e (S;))> (8)
e=1 H

of the probability distributionP ({i,, i., s., s,}) of finding a particular realization of the

crosslinks, in which monomey, on manifoldi, is linked to monomes, on manifoldi,

1 Strictly speaking, one should only sum oveg j in (5). This is equivalent to unrestricted summation3f
is replaced by\?2 — 2. Since none of our results depends on the particular valué,ofve find it convenient to
include the term = j from the start.
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(for e = 1,..., M). For technical reasons it is also convenient to allow the number of
crosslinks to fluctuate, and take
1 1 [p2v\" &
_ - = @) (p R
Pu = Z 9 <2N ) <115 (ci, (se) c,e(se)>>H. ©

Here, Z; ensures the proper normalization Bf;, and the mean number of crosslinkg]

is controlled byu?. As shown in appendix B,M] = au?N, where the proportionality
constante = O(1). Its precise value depends on the strength of the monomer—monomer
interaction.

3. Calculations and results

To average Ir¥ over the disorder with the crosslink distributiad?y, we use the replica
technique. The average free energy per manifbls given by lim,_o f, with —Nnf, =
[Zz" — 1]. Averaging over the quenched disorder with the distributiyp is denoted by
[---]. Given the distribution of the quenched degrees of freedymwe adopt the strategy
of simultaneously computing the partition function and the distribution of disoRiger
This can be achieved by introducing one additional replica (for details see [5]), so that the
average free energy is given by
Zp1— 21

—Nnf, = — =z (10)

For integer the disorder average can be explicitly performed, yielding

n+1
Zppr = <exp( /dD dPs ’]_[3<d>(c (s) — (s )))> . (11
i,j=1

Here, the angular brackets- )”Jrl denote averaging with thén + 1)-fold replicated
Hamiltonian (5). It is convenient to simplify the notation by introducing hatted vectors
for (n + 1)-fold replicated vectors, for examplé,= (c°, ct, ..., ¢"), and to use a Fourier
representation for thé&-function in (11):
2\ \n+1
)> . (12)
H

2 N
uN 1 ifae6: (s
Z,l+1=<exp<2w E ‘N EI/ste'k 1 (5)
k i=

We aim at the decoupling of the membranes from one another, which interact due to
crosslinks and the excluded-volume interactiorHin In order to achieve such a decoupling
we first rewrite 2,11 in such a way as to explicitly display all intermembrane interactions:

Zy1 = ¥ (u?)/¥(0), with
/dD elk:c (s) >

w(u2>—<exp<
]Zz \ )3 / weeeeof )" @
4 i Ni:l Ho

xexp(l“zb

Here, the average is taken with respect to thet+ 1)-fold replicated Hamiltonian for
one manifold, i.e. withy_"_o "N | Ho({c?}). All intermembrane interactions can now be
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decoupled with the help of Gaussian transformations:

2N —— ~2 n
u°N A n 1 1
w(M2)=/DQDPEXD<— E |Q(k)|2—7y201\’2 E |,0k|2—§nN)/2no
k a=0 k

2yn
+Nn < exp <i;72n0 > Z’Repz / dPs e—ik-c"’(s))
a=0 k
Mzi n . n+1
X eXp(wZReQ(k) / dDS elk'c(s)>> > (14)
k

Ho

and

2 2 n /
- 14 14 o2
v(0) = /DP eXp( - ?Nnno - ?Nno ;:0 Ek | ok |

n n+1
+Nln<exp<iy2nOZZ/Repg/st e‘”“'c”“)>> ) (15)

a=0 k Ho
Here, 72 = y2 — (u?/V™"no denotes the effective strength of the excluded-volume
interaction, )", refers to the summation ovet (excludingk = 0), and fk refers to
the summation ovek vectors with at least two components different from zero. Functional
integration over the field (k) and Py is denoted byDQ andDp. The expectation value
of the field oy,

l N
o=y 2 / A [(expik - ¢*(s)))] (16)

is simply the average density (assuming a replica symmetric state). The expectation value
of the fieldQ (k)

. 1 Y R
@) = Y- [ dsliexpif - 26 7)
i=1

is the straightforward generalization of the order parameter for vulcanizatio®-to
dimensional manifolds [5]. In the fluid phase, a flexible manifold can wander throughout
the container, hence there are no static density fluctuati@fs®©) = 0 and(Q(k)) = 0.

Once an infinite network is built up, a finite fraction of manifolds are localized around
fixed random positions, implying non-zero static density fluctuati@fs® ) £ 0. The
amorphous solid preserves macroscopic translational invariance. Hence, this state is
characterized by vanishing macroscopic density fluctuations({dge.= 0, whereas higher
moments of the local static density are non-zero, indicating that a finite fraction of monomers
are localized. For example, the second moment of the static density fluctuations is the
analogue of the Edwards—Anderson order parameter for spin glasses. It is given by

N
(0, k, —k,0...,0)) = % Z/st[(exp(ik: - e(s))) (exp(—ik - ¢(s)))] (18)
i=1

whereas(Q (k)) with more than two components &f non-zero yields higher moments of
the static density fluctuations. In general, we expect(lﬁafc)) # 0 in the amorphous solid
state, provided all wavenumbers add up to z&rt, ,k* = 0, as required by macroscopic
translation invariance.
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The representation of the average free energy in terms of the fixléis and pr is
exact. So far, the formal development is very similar to the case of linear polymers, which
has been explained in detail in [5]. A field theoretic formulation of crosslinked manifolds
can be derived from (14) and (15). The bare vertices of the resulting Ginzburg—Landau—
Wilson free energy would be correlation functions of the uncrosslinked manifold system,
which differ considerably from the polymer case. Here we shall only discuss the mean-field
approximation, obtained by saddle-point integration of the functional integral. As it turns
out, the dimensionD of the manifold only features via the elementary length scale, and
leaves the critical behaviour unaltered from the case of polymers.

Instead of solving the full saddle-point equation we use a simplified ansatz, and invoke a
variational principle for the free energy at the saddle-point level. We are primarily interested
in non-crystalline networks, and therefore choose the parameters of the Hamiltonian of the
uncrosslinked system such that no instability to crystalline or collapsed states occurs. This
is equivalent to choosing the parametér> ©?(V/N)V", and implies for the saddle-point
solution py=0 for all k. In the amorphous solid state we expect a non-zero fraction of
monomers, denoted by, to be localized at random positions and exhibit fluctuations over
a finite length scalé. In the simplest ansatz

2 n
Q(k) = 85 pe0q exp( — % Z |k"‘|2> (19)
a=0

these fluctuations are modelled by Gaussian functions parametrized by a characteristic
localization lengthe. This Ansatz implies tha# (0) = 1= Z; and

n+1

2A7T 2 I .
—Nnf, = —IZVIZZ|§2(I§;)|2+Nln<exp<€nReZ§2(l§;)[st e—ik.e(s>)> _ (20)
k

k Ho

Next, the ansatz fof2(k) is inserted into (20), and the exponential in the second term
is expanded, resulting in a Landau free energy in term&@). The coefficients in this
expansion are the correlations of the density, determined by the one-membrane Hamiltonian,
for example

Cr(s, s") = (explik - (c(s) — e(s)))) np- (21)

Near to the transition from the amorphous to the liquid state we expect the localization
length& to be much larger than any inherent length scale of a membrane. Given the form
of the expansion of,, we notice that the one-membrane correlations are always multiplied
by e §%k/2, thereby restricting the range of wavenumberscter 1/£. In that range the
one-membrane correlations are well approximated by

2

k ,
— 5 (e —els ))2>HO) (22)
so that sufficiently close to the transition only the second momeii¢@) — c(s’)) enters
the calculation, even though we consider in genam-Gaussiarmanifolds.

These expectations are born out by the explicit calculatiori,ofvhich yields

Cr(s,s) ~ exp(

f=fO4 @4 d (23a)
quz

o= (2 - mzq)) Inv (230)
d [ uq? R2

re= —2<“2" - g’(uzq)> INE*+ 3%g) 55 + O™ (230)
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where f©® contains all terms that only depend aen and are intensive. (See [5]
for a discussion of non-intensive terms arising owing to the neglect of the issue of
distinguishability.) Hereg(x) = e — (1 — x), and the radius of gyratio®Rg has been
defined for a generab-dimensional manifold via

1 / A
R% = 5 / d?s dPs’{(c(s) — e(s ))2)H0~ (24)
As in section 6C of [5] we regarg™® as dominant and make it stationary with respect to

the gel fractiong. This leads to the equation
1-g= g1 (25)
which isindependenbf the dimensionD of the manifold. At first sight this result may be
surprising. However, a non-zero gel fraction indicates the appearance of an infinite network,
which is solely a question of geometry, and should not depend on the building blocks of
the network.
As discussed in detail in [5], (25) always has the soluoa 0, corresponding to the

liquid state. Fou? > 2 = 1 an additional root appears, which emerges continuously from
g =0: for |u? — 1] < 1 we have

g~ 2u®—1)F (26)

with 8 = 1, in agreement with mean-field percolation. This solution describes the fraction
of monomers that are localized in the amorphous solid state. To obtain the localization
length we demand that® be stationary with respect to variations& This leads to

1 _pwr-1 2 2

T d+ O((u? - 1)?) (27)
i.e. the length over which particles are localized in the solid phase diverges at the
vulcanization transition. In particular, sufficiently near to the critical point this length far
exceeds the linear dimension of the objects being connected. Therefore the characteristics of
these objects feature only to the extent that they determine the semi-microscopic length scale
Rg, which depends oD, as will be discussed in the next section. The critical behaviour,
such as the exponent of the localization length, is not explicitly dependent on the dimension
D of the manifold.

To summarize our results so far: we observe a sharp phase transition from a fluid phase
to a localized state with macroscopic translational invariance. The critical singularities are
independent of the dimensioB of the manifold. The latter only determines the semi-
microscopic length, which sets the scale £8r

4. Statistics of one membrane

The simplest model for a polymerized membrane is the Gaussian model, in which excluded-
volume interactions are ignored, i.2. = 0 in (4). For a GaussiarD-dimensional
manifold one can easily calculate the generating function, from which all correlations follow
by differentiation. We assume stress-free boundary conditions, i.e. the outward normal
derivative ofc vanishes on the boundar§¢/9n = 0 on 3S. The generating function can

be expressed in terms of the eigenvalugsind eigenfunctions, of the negative Laplacian
operator,—Au, = A,u,, in the following way

. 1
<eXp<| Zpa ° C(Sa)>> = 30,2(1;7& exp( - é Zpa * pﬁG(Sa, Sﬁ)) (28a)
o a,p

Gauss
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with

1
Glsarsp) = Y X—puﬁ(sa)u,,(sﬂ» (280)
(1, £0)

The average is taken with the Gaussian one-membrane Hamiltonian, i.eHyvitom (4)
with A2 = 0. For a linear polymer (i.eD = 1), the eigenfunctions and eigenvalues are
given by

u,(s) < cogmsn) n=012..) (29)

An = 202 (2%)
We make use of the resulft >, n~2 = 72/6 to obtain the well known result for the radius
of gyration: RZ = Lb/6 and, hence,

1 bL

u2—12d
where physical units have been restored. For a Gaussian membran® (ke.2) the
eigenfunctions and eigenvalues depend on the shape of the membrane. Easily solvable are

shapes that allow for a separation of coordinates, such as a disc or a square. In the latter,
case one obtains

£ =

(30)

Upm (8) X COT51n) COSTT 5211 n,m=0,12..) (31a)
Anm = 772(”2 + m2)' (3jb)

To perform the summation over inverse eigenvalues one has to introduce a short distance
cutoff. We require that the zeros of the eigenfunctions be separated by a distance larger
than the persistence lengbh This requirement truncates the summation for largendm,
and yieldsRg = (b/7)?In(L/b), and hence
3 1 »
2
= —————In(L/b). 32
= a1 N/ (32)
In a similar way one can treat the general case bfdimensional hypercube. However,

as noted previously, these results are not meaningfubDfgr 2. If one makes the ansatz

R oc L (33)

then one can easily derive the following boundsgnviz (D/d) < v < 1 [22]. The
upper bound corresponds to a flat manifold, and the lower bound to a dense packing of
the monomers. A Gaussian or phantom linear polymer does satisfy the boun#is=fér
whereas a Gaussian membrane violates the bounds in all finite space dimehsibris
intuitively clear that the process of folding back and passing through itself is much more
likely for a membrane than for a linear polymer dh= 3. Unfortunately, the radius of
gyration of a membrane in a good solvent is not known analytically. If the manifold were
crumpled, a generalization of Flory theory [7] would predict a radius of gyration that scales
as Rg o« LP+2/W@+2) e v o § for d = 3 andD = 2, compatible with the lower bound.
Computer simulations [14-18] indicate that membranes with excluded-volume interactions
are flat ind = 3, implying Rg o< L.

One may also consider a different one-membrane Hamiltonian, including, for example,
a bending energy. We stress that our results for the critical behaviour are independent of
the particular model used. The one-membrane Hamiltonian determines only the ‘internal’
length scale of the problem, i.e. the radius of gyration.
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Appendix A. A different thermodynamic limit

So far we have discussed a statistical ensemble of manifolds, each manifold being of finite
extent. An alternative way to achieve the thermodynamic limit is to consider a single
manifold, the linear extent = Kb of which tends to infinity. We want to ensure that the
configurations of the manifold are determined by its own statistical properties and not by
the walls of the container (see [23]). Hence we have to require that the bo¥ $izds

larger than the radius of gyration:

VY4 > R o K. (A1)

This inequality restricts our discussion to dilute or semi-dilute solutions. The latter are
characterized byrZ ~ Vz, i.e. a monomer density

KD
Pmonomer= v o KP4, (A2)

In the thermodynamic limitk — oo andV — oo. For semi-dilute solutions one has
to keepK"/ V¥4 fixed, whereas for dilute solutions the above ratio goes to zero in the
thermodynamic limit.

To simplify the discussion, we only consider one-dimensional manifolds, i.e. one linear
polymer of lengthL. The partition function of the crosslinked system is given by

M
Z({se 5.1 =<1‘[8<‘”<c(se)—c<s;))> : (A3)
e=1 Ho
Crosslink realizationss,, s.} are generated by the distribution
’ 11 MZV . u (d) /
Py ({se, s.}) = ZM <2L> <e=15 (c(se) — C(Se))>H0 (A4)

whereZ; guarantees proper normalization®y;. The analysis of the average free energy is
completely analogous to that given in section 3 and yields, in the saddle-point approximation,

~ MzL* L MZL - e n+1
nkKf, = Tw;'mk)' - In<exp<vnReXic:Q(k)/dse' >>HO (A5)
with
) = [ s e, (A6)

Comparison with (20) shows that the free energy per monomer for one long chain is the
same as the free energy per monomer for an ensemble of finite chains, provided we make
the substitutionu?K — 2. Hence we can take over the results of section 3:

g~ 2(uPK — 1) (A7a)
1 N 1, d
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The mean number of crosslinks is relategifoby [M] = au?K with o = O(1) askK — oo,

so that M] = O(1) crosslinks are sufficient to observe the transition to the amorphous solid
state. This result seems puzzling at first sight, but can be understood intuitively. The first
crosslink that is introduced into the system typically generates a loop ofLgi2e After

M crosslinks have been formed one typically has loops of &iZ2Y. To achieve a loop

size of orderRg one needsV; « In(L/Rg). WhetherM, is actually of O(1) or O(In K)

is difficult to decide. The typical loop size of the critical network is presumably larger than
Rg, favouring smaller values o#ff.. One may also consider one long polymer as being
constructed by the endlinking a@P(K) small ones, so that already @#(K) crosslinks

have been introduced into the system. This interpretation is consistent with the results of
section 3.

Appendix B. Average number of crosslinks

In this appendix we derive an approximate relation between the mean number of crosslinks
[M] and the control parametgr?. Our starting point is the exact expression fof][

d
[M] = MZdTLZ In 2, (B1)

in terms of

2V 2
Z = <exp('u2N Z/st dPs 8D (¢ (s) — cj(s’))>>H — q;fég)). (B2)
L)

As in section 3, we decouple interactions between different manifolds by Gaussian

transformations. The numerator is rewritten with help of the Gaussian figlth the
following way

v : :
o) =Trowe " exp(“ZN > [ @ s 59 e — e >>)
ij

1 N
E D -¢; ()

— g 7*Nno/2 / Doy, exp( - sz"oZ/ka—k + Nin E({pk})) (B3)
%

2V

~2A72

N
= Tre, e exp( Y > /
k

with
E({pr}) = Tre € exp (i2)72n0 Z Re(p,c / dPs é’“'c(”)). (B4)

k>0
The functional integral ovefox} cannot be done exactly. We evaluate it approximately by
expanding IrE up to quadratic order in the fieldgy}:

INE({or) ~ —(7210)2Y . prp—kSK?) (B5)
k
where S(k?) denotes the static structure factor, given by
S(k?) = f d”s dPs/ @k ety (B6)

The resulting Gaussian integral ovigr,} yields

-1
§(u?) ~ &7 /DM ( [Ta+ 2772noS(k2))> (87)

k>0
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and hence

2 1% 1+ 2y2nS(k?
Iz~ " N+ /ddk in 227 oS ™) (B8)

2 2(2m)d 1+ 2p2n0S(k?)’

The integral over wavenumbers is ultraviolet divergent, for example,Dfoe 1, S(k?)
decays likek—2 for large k. This divergence is an artifact of our continuum model and
can be taken care of by going back to the microscopic basis of the model. The excluded-
volume interactions as well as the constraints owing to the crosslinks cannot be modelled
by §-functions, if one is interested in length scales which are comparable to the persistence
lengthb. In a more realistic model th&functions are replaced by a potentla(x), which

can, for example, be taken as a Gaussian of widtone then obtains

M _ w1 dk 14 2y%noU (k)S(k?)

L B9
N = 2 " 2ng) @0y "1+ 272000 (R)S(K2) (89)
or, for a,
[M] 1 1 dk 5 2
= =4 | = . Bl
@=on =2 w | @iV ®SE)+06" (B10)
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